The existence of a final coalgebra is equivalent to the existence of a formal logic with a set (small class) of formulas that has the Hennessy-Milner property of distinguishing coalgebraic states up to bisimilarity. This applies to coalgebras of any functor on the category of sets for which the bisimilarity relation is transitive. There are cases of functors that do have logics with the Hennessy-Milner property, but the only such logics have a proper class of formulas.
Introduction and Overview
Coalgebras of functors T : Set → Set on the category of sets have proven useful in modelling notions associated with data structures, transition systems, and process algebras [1] [2] [3] [4] [5] . Of particular importance is the notion of a final (or terminal) coalgebra, which is a coalgebra γ such that for each coalgebra α there is a unique coalgebraic morphism from α to γ. If such a final coalgebra exists, its members can be thought of as representing all possible "behaviours" of processes, because members x and y of coalgebras α and β (respectively) are typically "behaviourally indistinguishable" precisely when they are identified by the unique morphisms from α and β to γ (see 3.6 below). This paper addresses the following question: when can logic be used to construct a final object in the category of coalgebras of a functor T : Set → Set?
We will demonstrate an abstract connection between this question and the issue of whether there exists a logical system, comprising a set of formulas with a semantics, that distinguishes states of T -coalgebras up to bisimilarity, meaning that two states satisfy the same formulas of the language precisely when they are bisimilar.
Specifically, we prove that a final T -coalgebra exists if there exists a logic with this property of having a set of formulas that differentiates coalgebraic elements up to bisimilarity. Conversely, the existence of a final coalgebra implies the existence of a logical system with this property, provided that the bisimilarity relation between coalgebraic states is transitive. Such transitivity certainly holds in any process-algebraic context for which bisimilarity means observational (or behavioural) indistinguishability.
Hennessy and Milner [6, 7] introduced into the study of computational processes the seminal idea of associating with a given type of state-transition system a logic that has this fundamental property that two states are observationally indistinguishable (or bisimilar) precisely when they are logically indistinguishable in the sense of satisfying the same formulas of the language. They showed that for finitely-branching systems this objective is realized by a finitary modal language, while for systems in general it can be realized by using an infinitary language that allows conjunctions and disjunctions of any set of formulas (see Example 4.2) . Note that for such an infinitary language the collection of all formulas may constitute a proper class, rather than a set. This point is pivotal to our discussion, as we will see that the existence of a final coalgebra depends on the existence of a suitable logic whose formulas constitute a set.
The Hennessy-Milner program has been applied to many species of process algebra (see [8, 9] ), and was extended to certain kinds of coalgebra over Set once it was recognised that such coalgebras can be used effectively to model data types and transition systems [1] [2] [3] [4] [5] . In that setting, final coalgebras are important both for providing operational semantics for certain languages [10] and for providing definitions of entities, and proofs of their properties, by the principle of co-induction [11, 5, 4] .
Finitary modal languages have been devised that are expressive enough to distinguish coalgebraic elements up to bisimilarity when the functor T is poly-nomial [12, 13] . A polynomial functor is one that is constructed from constantvalued functors and the identity functor by forming binary products and coproducts, and exponentials with constant exponent. In the polynomial case T -coalgebras can be thought of as modelling transition systems that are deterministic, with the constant-valued functors corresponding to sets of "outputs". The well known canonical model construction from modal logic [14, 15] is used in [12, 13] to build certain polynomial coalgebras. The essence of this method is to define a model whose elements are special sets of formulas with properties determined by the logic, and to show that a formula ϕ is satisfied in this model by an element x iff ϕ ∈ x. The technique was used in [12, 13] to construct final polynomial coalgebras under the strong restriction that any constant functor involved in the formation of T has a finite output-set as its constant value.
To model non-determinism, the class of polynomial functors must be extended to allow powerset formation. Modal languages are also available for this extension [16, 17] , but the full use of the powerset functor P prevents there being any final coalgebra at all. On the other hand, we can model finitely-branching non-determinism by using the finitary powerset functor P ω , where P ω A is the set of all finite subsets of A, and for this there is a kind of modal canonical model construction of final coalgebras [17, Theorem 5.8] . Again this only works under the restriction to finite constant sets, and it appears that for the approach of [17] this finiteness restriction is also needed to establish the Hennessy-Milner principle that logically equivalent states are bisimilar.
This raises the question of whether a version of the canonical model method can produce final T -coalgebras when T involves infinite constant sets. The main result of this paper (Theorem 4.3) gives a very general answer by showing that a straightforward logical construction of final coalgebras is always possible whenever there exists a formal language associated with T with a set of formulas having the Hennessy-Milner property. Moreover, the construction connects with the canonical model idea on an abstract level.
Thus the Hennessy-Milner property has a powerful impact on the structure of a category of coalgebras. As part of the proof that our construction gives a final coalgebra, we use this property (in Theorem 4.1) to show that if a function between the state sets of two coalgebras leaves invariant the truthvalue of formulas, and the codomain of that function is a simple coalgebra, then the function must be a coalgebraic morphism. Simple coalgebras are those that have no proper epimorphic images. They have the coinductive property that distinct states are never bisimilar. As part of our analysis we study the relationship between coalgebras that are simple, which equivalently means "no non-trivial congruences", and those that are coinductive, which means "no non-trivial bisimulations". It turns out that if the bisimilarity relation for T -coalgebras is transitive, the coinductive coalgebras coincide with the simple ones (Theorem 3.3). The Hennessy-Milner property itself guarantees this transitivity. Section 2 of the paper reviews the basic theory of coalgebras and bisimulations that will be used. Section 3 discusses the construction of simple coalgebras by the theory of congruences, and explains their relationship to coinductive coalgebras. Section 4 formulates the abstract notion of a logic for coalgebras and gives the main result characterizing the existence of final coalgebras. Section 5 gives a formulation in the case that bisimilarity is not transitive. The paper concludes with some further questions.
Coalgebras and Their Bisimulations
Fix a covariant endofunctor T : Set → Set on the category of sets and functions. A T -coalgebra is a pair (A, α) comprising a set A and a function α of the form A → T A. A will be called the set of states and α the transition structure of the coalgebra. We often identify a coalgebra with its transition structure α (from which the state set A can be determined as the domain of α). A pointed coalgebra is a pair (α, x) with x being a state of coalgebra α.
A T -morphism from T -coalgebra (A, α) to T -coalgebra (B, β) is a function f : A → B between their state sets which commutes with their transition structures in the sense that β•f = T f •α, i.e. the following diagram commutes:
The class of T -coalgebras with their T -morphisms form a category T -Coalg under functional composition of morphisms. A final object in this category is a T -coalgebra β such that for each T -coalgebra α there is exactly one morphism from α to β. Such unique morphisms to a final coalgebra provide coinductive definitions of many operations of importance in the study of data structures [1, 5] .
If (A, α) is a final coalgebra, then α : A → T A is an isomorphism in Set, i.e. a bijection. This is Lambek's Lemma [18] .
Example 2.1 A non-deterministic state-transition system (A, I, τ ) has a set A of states, a set I of inputs and a relation τ ⊆ A × I × A. Write x i → y when (x, i, y) ∈ τ , signifying that there is a possible transition from x to y on input i. Putting α(x) = {(i, y) : x i → y} makes the system into a coalgebra α : A → P(I × A) for the functor P(I ×−), where P is the covariant powerset functor on Set. We may alternatively view it as a (P−) I -coalgebra, by taking α(x) ∈ (PA) I to be the function α(x)(i) = {y : x i → y}. A coalgebraic morphism is characterised as a function satisfying
Lambeck's Lemma tells us that there is no final (P−)
I -coalgebra, since there can be no bijection of the form A → (PA)
I , even when I has one element, by Cantor's theorem. On the other hand a final coalgebra will exist for systems that model finitely-branching non-determinism, which means that the set {y : x i → y} is finite for all pairs (x, i). Such a system may be viewed as a (P ω −)
I -coalgebra, where P ω A is the set of all finite subsets of A. The category (P ω −)
I -Coalg does have a final object [19, 4] .
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The first comprehensive study of T -Coalg was made by Rutten [20, 4] , showing that many interesting results follow if T weakly preserves certain limits, 2 an assumption that is satisfied by most functors used in practice to describe data structures. The theory without this assumption has been explored by Gumm and Schröder [21, 22] and we will call on many results from these references. The situation is subtle, and needs careful attention, particularly in relation to the distinction between "congruences" and "bisimulations", as we will see.
In the category T -Coalg, a morphism is epi (right-cancellative) iff it is surjective as a set function. Any injective morphism is mono (left-cancellative), but the converse need not be true. In fact a morphism is injective precisely when it is an equalizer [22, 3.4] . To have every mono being injective requires some condition on T , such as that it weakly preserve the pullback of any morphism with itself [22, 5.5] .
A morphism is iso if it has an inverse in T -Coalg, in which case it is bijective. But the inverse of a bijective morphism is also a morphism [4, 2.3] , so an isomorphism is the same thing as a bijective morphism.
A set B of states of coalgebra α is closed in α if there exists a transition β : B → T B for which the inclusion function from B to A is a T -morphism from β to α. If such a β exists it is unique, and in that case (B, β), or just B, is a subcoalgebra of α. For any morphism f with domain (A, α), the image set Imf = f (A) = {f (x) : x ∈ A} is a subcoalgebra of the codomain of f . A coproduct Σ i∈I α i exists in T -Coalg for any set of coalgebras (A i , α i ). Its 2 A weak version of a type of limit is an entity that satisfies the existence part of the definition of that type of limit, but not necessarily the uniqueness part. A functor weakly preserves a type of limit if it maps any instance of that limit to a weak version of it.
state set is the disjoint union Σ i∈I A i of the state sets of the coalgebras. For each j ∈ I there is an injective insertion function ι j : A j → Σ I A i , with each member of Σ I A i being equal to ι j (x) for a unique j ∈ I and a unique x ∈ A j . The transition structure on the coproduct acts as α j on the image of ι j : more precisely it acts as ι j (x) → T (ι j )(α j (x)). The insertion ι j is a morphism from α j to Σ I α i making α j isomorphic to the subcoalgebra Im ι j of Σ I α i .
If (A, α) and (B, β) are T -coalgebras, then a relation R ⊆ A × B is a Tbisimulation from α to β if there exists a transition structure ρ : R → T R on R such that the projections from R to A and B are T -morphisms from ρ to α and β, i.e. the following diagram commutes:
This definition of bisimulation was introduced in [23] . It gives a categorical formulation of a notion that has various manifestations in different kinds of state-transition system.
The union of any collection of bisimulations from α to β is a bisimulation. Hence there is a largest such bisimulation (the union of all of them), which is a relation known as bisimilarity. This will be denoted ∼ αβ , or ∼ α when α = β, and may be written without any subscript if the coalgebras involved are understood. We may also write (α, x) ∼ (β, y) when x ∼ αβ y, and view this as a relation between pointed coalgebras.
In process algebra, the existence of a bisimulation relating a pair of states x, y captures the idea that x and y are observationally indistinguishable. So the observational indistinguishability relation itself is identified with bisimilarity.
It is immediate from the definition of bisimulation that if x ∼ αβ y, then there exists a coalgebra ρ with morphisms g : ρ → α and h : ρ → β, and a state z of ρ such that x = g(z) and y = h(z). But the converse is also true, since if g and h are morphisms with the same domain, then the set of pairs (g(z), h(z)) for all states z of this domain is a bisimulation [4, 5.3] . It follows that bisimilarity is preserved by morphisms, in the sense that for any T -morphisms f : α → γ and g :
. In fact it can be shown, more strongly, that if R is a bisimulation from α to β, then {(f (x), g(y)) : xRy} is a bisimulation from γ to δ.
A function f : A → B is a morphism from α to β iff its graph {(x, f (x)) : x ∈ A} is a bisimulation from α to β [4, 2.5]: a morphism is essentially a functional bisimulation. Thus (α, x) ∼ (β, f (x)) whenever f is a morphism.
When A ⊆ B, α is a subcoalgebra of β iff the identity relation ∆ A on A is a bisimulation from α to β. ∆ A is itself always a bisimulation from α to α, so the bisimilarity relation ∼ α on α is reflexive: ∆ A ⊆ ∼ α . It is also symmetric, as the inverse of any bisimulation is a bisimulation. The latter property shows more generally that bisimilarity is symmetric as a global relation between pointed coalgebras, i.e. x ∼ αβ y implies y ∼ βα x. It need not however be transitive. So, we will say that T has transitive bisimilarity if
for all pointed T -coalgebras (α, x), (β, y), (γ, z). When this holds, ∼ α is an equivalence relation on each coalgebra α. Transitivity of bisimilarity would follow readily if the relational composition of two bisimulations was also a bisimulation. But closure of bisimulations under composition itself holds iff T weakly preserves pullbacks [22, 5.1] . In Theorem 3.7 below it is shown that weak preservation of a restricted class of pullbacks suffices for bisimilarity to be transitive.
If α is a final T -coalgebra, then the bisimilarity relation on α is just the identity relation (as will also be explained below). This is the basis of the proof principle of co-induction, which states that to prove two states of a final coalgebra equal it suffices to show that there is a bisimulation that relates them [24, 11, 5] . It also suggests that a final coalgebra might be constructible by some process of identification of bisimilar states. A potential obstacle here is that ∼ need not be an equivalence relation in general. But even when it is an equivalence there may not be any final coalgebra, as we show for the case T = P in Example 3.8. So some additional property will be needed.
Simple Versus Coinductive
We are going to build a final coalgebra by a quotient construction, so we first review the coalgebraic approach to these.
Let θ be an equivalence relation on a set A, with equivalence classes x θ = {y ∈ A : xθy}, quotient set A/θ = {x θ : x ∈ A}, and quotient map f θ : A → A/θ having f θ (x) = x θ . In classical universal algebra, if A is the underlying set of some algebra, then θ is called a congruence if the algebraic structure can be transfered to A/θ to make the map f θ a homomorphism. Now any function f has the kernel equivalence relation
on its domain, and when f is a homomorphism of algebras this is a congruence. Since Ker f θ = θ, the congruences are thus just the kernels of homomorphisms, and any homomorphic image of an algebra is shown to be isomorphic to the quotient of that algebra by its kernel congruence. An algebra is simple if it has no non-trivial congruence relations, i.e. no congruences other than the identity relation ∆ A and the universal relation A × A. Equivalently, this means that the algebra has no proper homomorphic images: every epimorphism with that algebra as domain either identifies all elements or is an isomorphism.
Suppose instead that A is the state set of a T -coalgebra α. What does it take to make the quotient set A/θ into a T -coalgebra? The answer, given in [23] , is that
This condition is satisfied by any bisimulation on α [23, 6.1]. For an equivalence relation θ, the following are equivalent [21, 4.12] :
(ii) there is a (unique) transition structure α θ : A/θ → T (A/θ) for which the quotient map f θ : A → A/θ is a T -morphism from α to the coalgebra
An equivalence relation satisfying these conditions is called a congruence on the coalgebra α. Thus any equivalence relation that is a bisimulation must be a congruence. But the converse, that every congruence is a bisimulation, is true iff T weakly preserves kernels [23, 22] , a condition that is defined just before Theorem 3.7 below.
Each bisimulation R on α has a smallest extension to a congruence θ on α, as shown in [23] and [21, 5.15] . If θ is the equivalence relation generated by R, then there is a T -transition α θ on A/θ such that the quotient map f θ : A → A/θ is a T -morphism from α to α θ . The existence of α θ depends on the fact that f θ coequalizes the pair of projections π 1 , π 2 : R → A in Set when R generates θ. Then θ, being the kernel of f θ , is a congruence.
The set of all congruences on a coalgebra α is a complete lattice under the partial ordering ⊆ of set inclusion. In particular there is a smallest congruence, namely ∆ A , and a largest congruence ∇ α . But unlike the universal algebra case, ∇ α may be smaller than the universal relation A × A.
A coalgebra α will be called simple if its largest (and hence only) congruence is ∆ A , i.e. if ∇ α = ∆ A . (1) α is a simple coalgebra. (2): for any morphism f : α → β, the kernel Ker f is a congruence on α, so if α is simple then Ker f = ∆ A , which implies that f is injective.
(2) implies (3): If f : α → β is a surjective morphism, then by (2) 
So g is injective, and simplicity of α follows from 3.1(2).
(2): Let α be a final T -coalgebra. For any morphism f : α → β, by finality there is a morphism g : β → α, so by finality again g • f must be the identity function on α. Thus f has a left inverse, implying that it is injective. Hence α is simple by 3.1(2).
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A coalgebra α will be called coinductive 3 if its largest bisimulation is the identity relation ∆ A , i.e. if ∼ α = ∆ A . In [21, 6.13] it is shown that for any coalgebra α the following are equivalent:
(iv) α is coinductive; (v) every morphism with domain α is mono; (vi) for any T -coalgebra β there is at most one morphism β → α. Now ∼ α can be extended to a congruence, since it is a bisimulation, and so we always have ∆ A ⊆ ∼ α ⊆ ∇ α . It follows that every simple coalgebra is coinductive. Hence by Corollary 3.2(1), α/∇ α is always coinductive, and so by the equivalence of (iv) and (vi), (vii) for any T -coalgebras α, β there is at most one morphism β → α/∇ α .
If the largest congruence ∇ α is a bisimulation, then it is included in the largest bisimulation ∼ α , and so altogether ∇ α = ∼ α . If that always holds, then all coinductive coalgebras are simple. It is known that weak preservation of kernels by T will ensure this, since in that case every congruence is a bisimulation [22, 5.3] . Here is an alternative sufficient condition that is relevant to our main result.
Theorem 3.3 If T has transitive bisimilarity, then ∼ α = ∇ α for all Tcoalgebras α, and so every coinductive coalgebra is simple.
Proof. If x∇y in α, then f ∇ (x) = f ∇ (y) in α/∇, so as f ∇ is a morphism and bisimilarity is symmetric, x ∼ f ∇ (x) = f ∇ (y) ∼ y. Transitivity of bisimilarity then gives x ∼ y. This shows ∇ α ⊆ ∼ α .
To further study the condition ∼ α = ∇ α , we will say that T -subcoalgebras preserve bisimilarity if, whenever α is a subcoalgebra of T -coalgebra β, then x ∼ β y implies x ∼ α y for all x, y ∈ A. (Since x ∼ α y implies x ∼ β y, because bisimilarity is preserved by the inclusion morphism i : α → β, this amounts to saying that ∼ α is just the restriction of ∼ β to A × A.)
We can also say that T -subcoalgebras preserve ∇ if, similarly, x ∇ β y implies x ∇ α y for all x, y ∈ A when α is a subcoalgebra of β. But this is always true for any T : the composition of the inclusion morphism i : α → β with the quotient morphism f ∇ β : β → β/∇ β is a morphism α → β/∇ β whose kernel congruence is a subset of ∇ α . But if x, y ∈ A and x ∇ β y, then (x, y) belongs to this kernel, and so x ∇ α y. (1) ∼ α = ∇ α for all T -coalgebras α.
(2) T -subcoalgebras preserve bisimilarity, and ∼ α is transitive for all α.
Proof. Assume (1). Then (2) is immediate because subcoalgebras preserve ∇, as just noted, and ∇ α is transitive.
Conversely, assume (2) and let x ∇ α y. Let β be the coproduct α+(α/∇ α )+α, with ι : α → β being the insertion morphism into the left summand of β. In [22, 5.8] it is shown that transitivity of ∼ β implies that ι(x) ∼ β ι(y). Now ι(A) is a subcoalgebra of β, so we get ι(x) ∼ ι(A) ι(y) as T -subcoalgebras preserve bisimilarity. Since ι is an isomorphism between α and ι(A), it follows readily that {(z, w) : ι(z) ∼ ι(A) ι(w)} is a bisimulation on α containing (x, y), so x ∼ α y.
Example 3.5
There is an example in [23, p. 363] of a functor T having a two-state coalgebra ({0, 1}, α) that has ∼ α = ∆ {0,1} , so α is coinductive, but ∇ α = {0, 1} × {0, 1}, so α is not simple. It follows from Theorem 3.3 that this T does not have transitive bisimilarity. On the other hand it does have a (one-state) final coalgebra. T acts on sets by T A = {(x, y, z) ∈ A 3 : |{x, y, z}| < 3}, and on functions by T f (x, y, z) = (f x, f y, f z). The unique function {0} → T {0} = {(0, 0, 0)} is a final T -coalgebra. The two-state example has α(0) = (0, 0, 1) and α(1) = (0, 1, 1). There is no bisimulation on α relating 0 to 1.
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If a functor T does have a final coalgebra γ, then each bisimilarity relation ∼ α is characterized as the kernel of the unique morphism α → γ, provided that T obeys some restriction, such as weak preservation of pullbacks [4, 9.3] . Here is a refined analysis of the situation that will also figure in our main result. Theorem 3.6 Suppose that γ is a final T -coalgebra, with a unique morphism f α : α → γ for each T -coalgebra α. Then for any pointed T -coalgebras (α, x) and (β, y),
Proof. (1): if x ∼ αβ y, then (x, y) belongs to some bisimulation R from α to β. Hence there exists a coalgebra ρ on R such that the projections give morphisms π 1 : ρ → α and
(2): if f α (x) = f β (y), then similarly to the proof of Theorem 3.3 we get x ∼ f α (x) = f β (y) ∼ y, so x ∼ y follows when bisimilarity is transitive.
It is natural to ask for intrinsic categorical conditions on the functor T that ensure transitivity of bisimilarity. T is said to weakly preserve a pullback square if the T -image of that square satisfies the existence part of the universal property of a pullback, but not necessarily the uniqueness part. Now a pullback of two functions A f − → G g ← − B is given by the square
where R f g = {(x, y) ∈ A×B : f (x) = g(y)} and π A and π B are the projections. If f and g are T -morphisms (A, α) → (G, γ) and (B, β) → (G, γ), respectively, then Rutten [4, Theorem 4.3] showed that R f g is a bisimulation from α to β provided that T weakly preserves the pullback of f and g. The reason why is conveyed by the "cube"
Here the top of the cube commutes by definition of R f g , and the base is the T -image of the top. The front and the right side commute because f and g are morphisms. This implies that T f
, so if T weakly preserves the top pullback, then a transition ρ exists as shown to make the left side and the back of the cube commute. This means that the projections are morphisms from (R f g , ρ) to α and β as required.
The pullback of a function with itself is its kernel: R f f = Ker f . So T is said to weakly preserve kernels if it weakly preserves the pullback of any function with itself. This implies that the kernel of any morphism is a bisimulation. In particular it implies that in general ∇ α (= Ker f ∇α ) is a bisimulation, hence ∇ α =∼ α and so ∼ α is transitive. In other words, weak preservation of kernels ensures transitivity of bisimilarity within each coalgebra. But for transitivity of the global bisimilarity relation it seems that something else is required. We use the condition that T weakly preserves pullbacks along injective functions, i.e. it weakly preserves pullbacks of pairs(f, g) at least one of which is injective. It is shown in [22, Theorem 5.7] that this implies that bisimulations between different coalgebras are preserved by subcoalgebras: if (A , α ) and (B , β ) are subcoalgebras of (A, α) and (B, β), respectively, and R is a bisimulation from α to β, then R ∩ (A × B ) is a bisimulation from α to β . Theorem 3.7 If T weakly preserves both kernels and pullbacks along injective functions, then T has transitive bisimilarity.
Proof. Suppose x ∼ αβ y ∼ βγ z. We want to show x ∼ αγ z. Let δ be the coproduct (disjoint union) α + β + γ, with insertion morphisms ι α , ι β , ι γ . Then ι α (x) ∼ δ ι β (y) ∼ δ ι γ (z) as bisimilarity is preserved by these morphisms. But as noted above, weak preservation of kernels implies that ∼ δ is transitive, so
Then as T weakly preserves pullbacks along injectives, the restriction R of ∼ δ to Im ι α × Im ι γ is a bisimulation between these subcoalgebras Im ι α and Im ι γ of δ, with ι α (x) R ι γ (z). Since these subcoalgebras are isomorphic to α and γ under ι α and ι γ , it follows readily that {(u, v) : ι α (u) R ι γ (v)} is a bisimulation from α to γ containing (x, z), so x ∼ αγ z.
Example 3.8
The covariant powerset functor P weakly preserves pullbacks, so has transitivity of bisimilarity by 3.7. But there is no final P-coalgebra, for the reasons explained in Example 2.1.
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Examples 3.5 and 3.8 show that transitivity of bisimilarity and the possession of a final coalgebra are independent properties of an endofunctor on Set.
Abstract Logics
We define a logic for the functor T to consist of a class Φ and an operation |= that assigns to each T -coalgebra (A, α) a subclass |= α of A × Φ. Members of Φ are called formulas, and |= α is the truth relation on α. When a pair (x, ϕ) belongs to |= α we write α, x |= ϕ and say that the formula ϕ is true, or satisfied, at state x in α.
This is a very weak definition of "logic": there is a complete absence of syntactic structure on Φ with corresponding semantic conditions on |= . Perhaps "prelogic" would be a better term. But the point is that there are many different kinds of coalgebraic logic, each providing a characterization of bisimilarity in their context, and our aim is to extract what is common to them all. The analysis requires remarkably little common structure, and the weakness of the definition ensures the widespread application of the results that follow from it.
Associated with each pointed coalgebra (α, x) is the "truth-class" Φ(α, x) = {ϕ ∈ Φ : α, x |= ϕ} of all formulas true at x in α. A logic is said to have the Hennessy-Milner (HM) property, or to be an HM-logic, if bisimilarity of states is characterized by identity of their truth-classes, which means that for any pointed T -coalgebras (α, x) and (β, y),
It is immediate from this definition that the Hennessy-Milner property implies transitivity of T -bisimilarity, and therefore by Theorem 3.3 that coinductive T -coalgebras are simple.
A function f : A → B between the state sets of α and β is called truthinvariant if its action does not alter the truth relation, i.e.
around the diagram and conclude that
If T f β is injective, then it can be cancelled from this equation to give the desired result. At this point we invoke the assumption that β is simple to conclude that f β is injective, by Theorem 3.1 (2) . Now if B = ∅, then the presence of f forces A = ∅, and so as there is only one function ∅ → T B the square commutes as desired. Hence we are left with the case B = ∅. But then the injectivity of f β implies that f β has a left inverse g : G → B, i.e. g • f β is the identity on B. Then T g is left inverse to T f β , from which it follows that T f β is injective. (This is just the standard argument that any endofunctor on Set preserves injectives with non-empty domain.)
That completes the proof that f is a morphism.
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A logic will be called small if its class Φ of formulas is small, i.e. is a set rather than a proper class.
Example 4.2
This is the original example of Hennessy and Milner, providing a small HMlogic for the functor (P ω −) I described in Example 2.1. Here Φ is the set of finitary formulas generated inductively from a propositional constant by the standard Boolean connectives together with modalities i for each i ∈ I. The size of Φ is the maximum of ℵ 0 and the size of the set I.
The truth relations are defined by induction of the formation of formulas, with α, x |= for all (α, x); the Boolean connectives interpreted as usual; and α, x |= i ϕ iff α, y |= ϕ for some y with x i → y. The HM property for this logic of (P ω −)
I -coalgebras is shown in Theorem 2.2 of [7] .
This syntax can be extended by allowing formation of conjunctions of sets of fewer than κ formulas, for some fixed infinite cardinal κ. The result is a small HM-logic for the functor (P κ −) I , where P κ A is the set of all subsets of A with fewer than κ elements. By allowing conjunctions of arbitrary sets of formulas [8] , an HM-logic for (P−) I is obtained. But then Φ becomes a proper class. It turns out that the non-existence of a final (P−)
I -coalgebra implies that there can be no small HM-logic for (P−)
I . This follows from our next, and main, result.
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Theorem 4.3 For any functor T : Set → Set, the following are equivalent.
(1) There exists a small logic for T that has the Hennessy-Milner property.
(2) T has a final coalgebra and transitive bisimilarity.
(1). From the HM property it is immediate that T has transitive bisimilarity.
A final coalgebra will now be constructed as the bisimilarity quotient of a coproduct, an idea that stems from [25, 23] . Here we take a logical approach to the coproduct, and also use the fact that in this case the bisimilarity relation on a T -coalgebra is the largest congruence (Theorem 3.3).
Observe that as Φ is a set, the collection of all truth-classes is a set (a subset of the power set of Φ). Hence we can choose a set C of T -coalgebras such that each truth-class (better, truth-set) is equal to Φ(α, x) for some (α, x) with α ∈ C. Then the coproduct (disjoint union) α C = ΣC of the members of C exists as a coalgebra in T -Coalg. We can assume that the members of C are pairwise disjoint, so each α ∈ C can be taken to be a subcoalgebra of α C , with the inclusion α → α C being a morphism, and therefore truth-invariant by (viii). Hence Φ(α, x) = Φ(α C , x) for any (α, x) with α ∈ C. Now let ∇ be the largest congruence on α C , with quotient morphism f ∇ : α C → α C /∇. We will show that the quotient α C /∇ is a final T -coalgebra. Given any T -coalgebra (B, β), we already know from (vii) in Section 3 that there is at most one T -morphism g : β → α C /∇, so all we have to show is that there is at least one such morphism.
For any y ∈ B, choose some (α, x) with α ∈ C and Φ(β, y) = Φ(α, x). Put g(y) = f ∇ (x). Now Φ(α, x) = Φ(α C , x) (from above), and Φ(α C , x) = Φ(α C /∇, f ∇ (x)) as the morphism f ∇ is truth-invariant. Thus we have Φ(β, y) = Φ(α C /∇, g(y)), i.e. g is truth invariant. Since α C /∇ is simple, Theorem 4.1 then implies that g is a morphism from β to α C /∇, completing the proof that α C /∇ is final.
[Thus g is uniquely determined, despite the apparent choice in its definition. But if Φ(α, x) = Φ(α , x ), with α ∈ C, then it follows that Φ(α C /∇, f ∇ (x)) = Φ(α C /∇, f ∇ (x )), and so f ∇ (x) = f ∇ (x ) by the HM property and the coinductiveness of α C /∇.]
For the converse, suppose that T has transitive bisimilarity, and that there is a final coalgebra (G, γ),with f α being the unique morphism α → γ for each T -coalgebra α. Define a logic by taking Φ = G, so that Φ is small, and putting α, x |= ϕ iff f α (x) = ϕ.
Then in general Φ(α, x) = {f α (x)}, so Φ(α, x) = Φ(β, y) iff f α (x) = f β (y). But by Theorem 3.6, f α (x) = f β (y) iff x ∼ αβ y. Thus the HM property holds, and (1) is proved.
Since the HM property implies transitivity of ∼, we immediately get Corollary 4.4 If T has a logic with the HM property, then T has a final coalgebra if, and only if, it has a small logic with the HM property.
In fact the statement of this corollary is equivalent to that of Theorem 4.3 because, conversely, transitivity of bisimilarity implies the existence of an HM logic for T . 4 To see this, let Φ be the class of all pointed coalgebras, with α, x |= (β, y) iff x ∼ αβ y. Then (β, y) ∈ Φ(β, y), since y ∼ ββ y, so if Φ(α, x) = Φ(β, y) then (β, y) ∈ Φ(α, x) and so x ∼ αβ y. In the reverse direction, if x ∼ αβ y and ∼ is transitive, then in general x ∼ αγ z iff y ∼ βγ z, so Φ(α, x) = Φ(β, y).
The construction of the final coalgebra α C /∇ in Theorem 4.3 gives a "syntactic" representation of its states. Each truth-set is equal to some Φ(α C , x), and hence to Φ(α C /∇, f ∇ (x)). By the Hennessy-Milner property, distinct states of α C /∇ define distinct truth-sets, since the coalgebra is coinductive. Thus the set of states of the final coalgebra corresponds bijectively to the set of all possible truth-sets, and a formula is true at a given state iff it belongs to the corresponding truth-set. That is the basic idea of the canonical model construction: a state determines a truth-set, and in the final coalgebra we can say that a state is its truth-set.
The Intransitive Case
If a functor T has transitive bisimilarity, then it has a final coalgebra iff it has small HM-logic. But what if bisimilarity is not transitive? Then it is appropriate to consider its transitive closure ∼ * . This is the equivalence relation on pointed coalgebras defined by putting (α, x) ∼ * (β, y), or x ∼ * αβ y, when there exists an n ∈ ω and a sequence (α, x) = (α 0 , x 0 ), . . . , (α n , x n ) = (β, y) of pointed coalgebras such that (α i , x i ) ∼ (α i+1 , x i+1 ) for all 0 ≤ i < n.
Proof. Let (α, x) = (α 0 , x 0 ), . . . , (α n , x n ) = (α, y) be a sequence showing (α, x) ∼ * (α, y). Let β be the coproduct α 0 +· · ·+α n with insertion morphisms
as the insertions preserve bisimilarity. Since ∼ β ⊆ ∇ β , this gives ι α (x) ∇ β ι α (y), hence f ∇ β (ι α (x)) = f ∇ β (ι α (y)), so (x, y) belongs to the kernel congruence on α of the morphism f ∇ β • ι α , implying x ∇ α y.
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A logic will be said to have the HM*-property if, for all pointed T -coalgebras (α, x) and (β, y), x ∼ * αβ y iff Φ(α, x) = Φ(β, y).
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If a logic has this weaker property, then morphisms are still truth-invariant, and the conclusion of Theorem 4.1 still holds: if f : α → β is a truth invariant function with simple codomain β, then f is a morphism. For, in the proof of 4.1, the argument that Φ(γ, f α (x)) = Φ(γ, f β (f (x))) holds as before, so the HM*-property gives f α (x) ∼ * γ f β (f (x)). But now by Lemma 5.1 and the simplicity of β (i.e. ∇ β = ∆ β ), this implies f α (x) = f β (f (x)), as required to complete the proof.
Using these facts, a final coalgebra can be constructed from a small logic with the HM*-property by the proof of Theorem 4.3. On the other hand, the construction at the end of that proof produces a small HM*-logic from a final coalgebra. In summary, the statement T has a final coalgebra iff it has a small HM*-logic holds for every functor T . Theorem 4.3 is a consequence of this statement.
Note that every functor has a large HM*-logic: let Φ be the class of all pointed coalgebras, with α, x |= (β, y) iff x ∼ * αβ y.
Conclusion and Further Questions
An exact relationship has been shown between two quite distinct notions that are fundamental to coalgebraic theory; on the one hand the notion of a final coalgebra, on the other the notion of a logic that characterizes bisimilarity. The proof showed that states of a final coalgebra can be thought of as the truth-sets determined by all states of all coalgebras. The key to the proof was the fact (Theorem 4.1) that a truth-preserving function with a simple codomain must be a coalgebraic morphism.
There remain some questions of interest. Having given (Theorem 3.7) a sufficient functorial condition for transitivity of bisimilarity, an obvious problem is to determine whether it is also necessary.
A more substantial question concerns sufficent categorical conditions for the existence of a final coalgebra. It is known [23, 19, 26, 4] that there is a final T -coalgebra whenever T is bounded, which means that there is some cardinal number κ such that each state of any T -coalgebra α belongs to some subcoalgebra of α with no more than κ states. Now boundedness does not imply transitivity of bisimilarity, as shown by the functor of Example 3.5, which is bounded with κ = ℵ 0 , and does not have transitivity of bisimilarity, hence has no HM-logic. But the logical approach can still be adopted to give another proof that boundedness implies the existence of a final coalgebra: if T is bounded, then there exists a set Φ of representatives of the ∼ * -equivalence classes of pointed coalgebras, and this gives rise to a small HM*-logic for T . The details are left to the interested reader.
Lastly, noting that a logic has been defined as a language with a semantics, we could ask if there is a proof-theoretic approach available here. Can we develop an abstract account of proof-relations and deductive consistency that would lead to the construction of final coalgebras whose states were certain consistent sets of formulas closed under suitable proof-relations, as in the classical theory of canonical models?
